In the recent paper, Bruce and Duplij introduced a double-graded version of supersymmetric quantum mechanics (SQM). It is an extension of Lie superalgebraic nature of N = 1 SQM to a Z 2 2 -graded superalgebra. In this work, we propose an extension of Bruce-Duplij model to higher values of N . Furthermore, it is shown that our construction of double-graded SQM is a special case of the method which converts a given Lie superalgebra to a Z 2 2 -graded superalgebra. By employing this method one may convert a model of superconformal mechanics to its double-graded version. The simplest example of N = 1 double-graded superconformal mechanics is studied in some
Introduction
In the recent paper [1] , Bruce and Duplij introduced a double-graded version of supersymmetric quantum mechanics (SQM). It is a model of quantum mechanical Hamiltonian H which can be factorized in two distinct way, i.e., H = Q 2 01 = Q 2 10 . The difference from the standard N = 2 SQM is that two supercharges Q 01 and Q 10 have different degree. It means that they close in commutator, instead of anticommutator, in a central element Z. More explicitly they satisfy the relation [Q 01 , Q 10 ] = Z. Thus the algebra spanned by H, Q 01 , Q 10 and Z is not a superalgebra, but a Z 2 2 -graded superalgebra [2] [3] [4] [5] . Each subset H, Q 01 and H, Q 10 forms a standard SQM. Thus the whole system of the double-graded SQM can be regarded as a doubling of N = 1 SQM closed in a Z 2 2 -graded superalgebra. It is elucidated in [1] that this system is different from the generalizations of SQM found in the literatures.
The purpose of the present work is to extend the Bruce-Duplij model to higher values of N and also consider double-graded version of superconformal mechanics (SCM). We show that one may construct models of double-graded SQM with even N based on the model of SQM by Akulov and Kudinov [6] . Furthermore, we present a method constructing a Z 2 2 -graded superalgebra for a given Lie superalgebra. If a matrix representation of the given Lie superalgebra satisfies a certain condition, one may always have a set of matrices which forms a Z 2 2 -graded superalgebra. This method allows us to consider a double-graded version of SCM. Applying this method to a model of SCM, one may obtain a model of double-graded SCM.
The present work is motivated by recent renewed interest in color superalgebras [2] [3] [4] [5] . The color superalgebras is an attempt to generalize Lie superalgebras which was introduced about a half century ago. Recall that Lie superalgebras are defined by introducing a Z 2 -grading into Lie algebras. The basic idea of color superalgebras is to replace the grading group Z 2 with more general abelian groups. The direct product Z 2 2 = Z 2 × Z 2 is the simplest non-trivial example. Since its introduction, algebraic and geometric aspects of color superalgebras/supergroups and 'higer graded' version of supermanifolds have been continuously studied till today. The reader may refer the references, e.g. in [17, 26] .
On the other hand, physical implication of color superalgebras are not clear even today. There exist some early works discussing on possible connection between color superalgebras and various physical problems such as supergravity, string theory, quasispin formalism and so on [7] [8] [9] [10] [11] [12] [13] . Recently, color superalgebras started appearing again in physics literatures. We mention the works on modifying the spacetime symmetry [14, 17] and works in connection with parastatistics [15, 16] . Especially, a modification of four dimensional super-Minkowski spacetime by inclusion of Z n 2 -grading is investigated in [17] and it gives a basis of the double-graded SQM discussed in [1] . It is also remarkable that Z 2 2 -graded superalgebras appear as symmetries of partial differential equations. In [18, 19] it is demonstrated that symmetries of wave equations of nonrelativistic quantum mechanics for fermions are given by a Z 2 2 -graded extension of Schrödinger algebra. We think that these works suggest that there exist more places in physics where color superalgebras play significant roles. The results presented here will give an another example of intimate relation between physics and color superalgebras and will provide an tool for physical applications of Z The plan of this paper is as follows: We start with giving a definition of Z 2 2 -graded superalgebras. It follows by an example of matrix Z 2 2 -graded superalgebra which is a generalization of the one given in [1] and will be used to construct N -extension of doublegraded SQM. In §3 a double-graded extension of the model of SQM by Akulov and Kudinov is presented and N = 2 case is studied in some detail. In §4 a method of converting a Lie superalgebra to Z 2 2 -graded one is presented. This is based on matrix representations and the matrices in §2.2 are used. The model of double-graded SQM in §3 is a special case of this construction. The construction is applied to a model of N = 1 SCM and we obtain a double-graded version of SCM in §5. Properties of the model is studied in some detail.
Preliminaries
Here we give the definition of a Z 2 2 -graded superalgebra [3, 4] . Let g be a vector space over C and a = (a 1 , a 2 ) an element of Z 2 2 . Suppose that g is a direct sum of graded components:
In what follows, we denote homogeneous elements of g a as X a , Y a , Z a and refer a to the degree of X a . If g admits a bilinear operation (the general Lie bracket), denoted by ·, · , satisfying the identities
3)
where
then g is referred to as a Z 2 2 -graded superalgebra. We take g to be contained in its enveloping algebra, via the identification
where an expression such as X a Y b is understood to denote the associative product on the enveloping algebra. In other words, by definition, in the enveloping algebra the general Lie bracket ·, · for homogeneous elements coincides with either a commutator or anticommutator. This is a natural generalization of Lie superalgebra which is defined with a Z 2 -graded structure:
It should be noted that g (0,0) ⊕g (0,1) and g (0,0) ⊕g (1, 0) are subalgebras of g (with Z 2 2 -grading).
A matrix Z 2 2 -graded superalgebra
In the construction of the double-graded SQM in [1] , a matrix Z 2 2 -graded superalgebra, generated by 'higher' Pauli matrices, plays the fundamental role. Here we give an extended version of the matrix Z 2 2 -graded superalgebra which will be used to construct an Nextension of the double-graded SQM.
For a given positive integer n we introduce the N = 2n Hermitian block-antidiagonal matrices subject to the relations:
where I, J run from 1 to N and I m denotes the m × m identity matrix. Such matrices are given by a irreducible representation of the complex Clifford algebra [20, 21] . We mainly work on an alternative choice of the basis of γ-matrices:
In this basis the relation (2.9) reads as follows:
We also consider n Hermitian block-diagonal matrices given by a product of γ I 's:
It is then immediate to verify that
Now we give a generalization of higher Pauli matrices. Define 2N + 1 Hermitian matrices
One may assign the Z 2 2 -degree to the matrices in the following way: 
We keep this convention in our extension of the double-graded SQM. An important fact on the matrices (2.15) is that they generate a Z 2 2 -graded superalgebra. 
Proof. One may verify by direct computation that the matrices satisfy the definition Z 2 2 -graded superalgebra.
In fact, the complex vector space spanned by the matrices
forms a Z 2 2 -graded superalgebra isomorphic to the one in Proposition 2.1. The isomorphism ι is given by
The proof of this fact is also straightforward.
N -extension of double-graded SQM
In this section, we present an N -extension of Bruce-Duplij model. It is a double-graded version of N -extended SQM by Akulov and Kudinov. First, let us recall the Akulov-Kudinov construction of SQM [6] . The N supercharges are defined by the matrices Γ a as follows:
The superpotentials W (n) are defined recursively. For instance, if n = 1, then W (1) = W 0 (x) and one may choose γ 1 = σ 1 , γ 2 = σ 2 which gives Γ 1 = −σ 3 . This case corresponds to the Witten model of N = 2. Higher value of n is more involved. For n = 2 one may choose
and this choice yields Γ 2 = −σ 3 ⊗ I 2 . The superpotential is given by
The n = 3 superpotential reads
and W 0 , W 1 , W 2 are functions of a single undetermined function (see [6] for more detail). For all possible values of n, the supercharges (3.1) are nilpotent and the supersymmetric algebra is given by
An important observation is that Γ n anticommutes with the supercharges:
With this setting of SQM and the matrices in §2.2, one may extend the double-graded SQM of [1] .
Theorem 3.1 The complex vector space spanned by the matrix differential operators
forms a Z 2 2 -graded superalgebra having the following non-vanishing relations
The assignment of Z 2 2 -degree is
The theorem is easily proved by direct computation so we omit it. The Z 2 2 -graded superalgebra relations in (3.8) are identical to the one in [17] and the matrix differential operators (3.7) is a generalization of the ones presented in [1] . Thus the Theorem 3.1 defines a model of N extended version of double-graded SQM. The Hilbert space of the model is taken to be H = L 2 (R) ⊗ C 2 n+1 and H,H are Hermitian in H and
The Hilbert space has a vector space decomposition according to the Z 2 2 -degree:
It follows readily from (3.8) that the eigenvalue of H is not negative. It is also easy to see that if Hψ ij (x) = Eψ ij (x) and ψ ij (x) ∈ H ij , then
can have the same eigenvalue. Now let us have a closer look at n = 1 (N = 2) case. Recalling that γ ± = σ ± for n = 1, the supercharges (3.1) are given by
and Hamiltonian of the standard SQM yields
Since Γ 1 = −σ 3 , the Z 2 2 -graded supercharges (3.7) are written in a way
and we have
Let us first relate the present model to the Bruce-Duplij model. From (3.12) we have
It follows that
18)
Therefore we see that Q + +Q − andQ + +Q − correspond to Q 01 and Q 10 of [1], respectively. Next we study the eigenspace of H in some detail. Let ϕ(x) be an eigenfunction of H 1 with positive eigenvalue E: H 1 ϕ(x) = Eϕ(x). We define functions in H by
Assuming that ψ 00 (x) ∈ H 00 it is immediate to see that Hψ 00 = Eψ 00 ,Hψ 00 = −Eψ 11 (3.21) so that ψ 11 ∈ H 11 . The action of the Z 2 2 -graded supercharges (3.15) is also obtained immediately. We list only the non-vanishing action below (the equality of the equations below is up to a numerical factor):
Therefore ψ ij (x) ∈ H ij for all i, j is seen from these relations. The action of the Z 2 2 -graded supercharges is summarized in Figure 1 . We see that each positive energy levels of H are four-fold degenerate.
Now we proceed to determine the zero energy ground state of the Hamiltonian H which is given by Q ± Ψ(x) =Q ± Ψ(x) = 0. Writing Ψ(x) in components as Ψ = (ψ 1 (x), ψ 2 (x), ψ 3 (x), ψ 4 (x)) T , annihilation by Q + andQ + gives the relation A † ψ 2 = A † ψ 4 = 0, while annihilation by Q − andQ − gives Aψ 1 = Aψ 3 = 0. These are the same relations as N = 1 case discussed in [1] . Therefore, the ground state is either non-existent or two-fold degenerate and belongs to H 00 ⊕ H 11 or H 01 ⊕ H 10 .
4 From superalgebra to Z 2 2 -graded superalgebra Let s be an ordinary Lie superalgebra (Z 2 -graded Lie algebra) spanned by the elements T a i with a ∈ Z 2 = {0, 1}. The defining relations may be written as
where the summation over the repeated indices is understood. Suppose that we have a representation of s in which odd (degree 1) elements are represented by block-antidiagonal Hermitian matrix of dimensions 2m × 2m. Suppose further that there exists a Hermitian block-diagonal matrix Γ of the same dimension which satisfies the relations
where T The proof of the propositions is not difficult. The relations (4.6) are verified by direct computation using (4.1) and (4.2). The matrices (4.4) satisfy the same relations as (4.6) which is also easily seen. Therefore two propositions are proved by verifying the Z 
where [·, ·] ± is the Z 2 -graded Lie bracket realized by commutator or anticommutator:
The matrices I 2m and Γ are unified in a single expression:
Note that G α is not defined for α = (0, 1), (1, 0). Then we see the relations
where vector sum and the inner product are computed in mod 2. With these notations any elements ofŝ may be expressed as
The factor i a does not play any role in the computation of Jacobi identity so that we omit the factor in the following computation.
The general Lie bracket, realized as in (2.6), forŝ yields
In this computation we used the fact that α · β = 0 (mod 2). We further see that
Using this relation one may see that the Z 2 2 -graded Jacobi identity (2.4) is reduced to that for a Lie superalgebra. Thus the propositions are proved.
Before closing this section, some remarks are in order. In Proposition 4.1 the direct sum of s ⊕ Γ is considered. Thenŝ is realized in the enveloping algebra of the direct sum. It is widely known that there are many examples of Z 2 2 -graded superalgebra which are realized in the enveloping algebra of a Lie superalgebra, see e.g. [18, 19, [24] [25] [26] . While in Proposition 4.2 tensor product of s and Clifford algebra gives a Z 2 2 -graded superalgebra. This is an example of the way obtaining Z 2 2 -graded superalgebras discussed in the early works [3] [4] [5] and in the recent study [27] .
Double-graded superconformal mechanics
As shown in §4, any Lie superalgebra satisfying the condition (4.2) can be promoted to a Z 2 2 -graded superalgebra. If one starts with a matrix differential operator realization of a superconformal algebra, i.e. a model of SCM, then one may obtain a double-graded SCM. Many models of SCM have been known. The readers may refer the good reviews, e.g. [28] [29] [30] . Some of the models, e.g. the ones in [22, 23] , satisfy the condition (4.2) so that we may have the double-graded SCM of N = 2, 4, 8 and so on.
In this section we analyse the simplest example of double-graded SCM obtained from osp(1|2) superconformal algebra. Let us consider the following realization of osp(1|2) which is a N = 1 SCM:
where β ∈ R is a coupling constant. We remark that Q and S are the same as the one discussed in [23] (see eq. (34) of [23] ). The non-vanishing relations of osp(1|2) read as follows:
One may immediately see that Γ = σ 3 satisfies the condition (4.2).
Therefore we obtain the matrix realization of the Z 2 2 -graded version of osp(1|2) which gives a double-graded SCM:
The Hamiltonian H has no bound states and furthermore the ground state is not normalizable [31] . Following the standard procedure of conformal mechanics we define the operators
and similar ones with tilde. Then we have
Due to the harmonic potential, the new Hamiltonian R may have bound states and its spectrum is discrete. The Z 2 2 -graded version of osp(1|2) is a spectrum generating algebra of R which can be seen from the relations
Furthermore, in the realization (5.3), we have the relation
F is one of the parity operator discussed in [1] and commutes with R. With the aid of (5.8) one may write R in the following way:
Therefore the ground state of R is defined by
In components Ψ(x) = (ψ 1 (x), ψ 2 (x), ψ 3 (x), ψ 4 (x)) T the condition (5.10) yields
Thus the ground state is either
(5.12) with the energy (1 + 2β). The normalizability of the wavefunction of the form
is studied in detail in [23] . From the analysis in [23] there are three possible Hilbert space in this model depending on the value of β. Namely, either (5.12) or (5.13) are normalizable so that the Hilbert space is constructed on one of them by repeated application of a † and a † . The third possibility is that both (5.12) and (5.13) are normalizable so that the Hilbert space is a direct sum of two spaces constructed on (5.12) and (5.13) (see [23] for detail). We indicate the spectrum constructed on (5.12) with the action of creation/annihilation operators in Figure 2 .
Concluding remarks
We introduced an N -extended version of double-graded SQM and SCM. This was done by a matrix differential operator realization of quantum mechanical operators which generate a Z 2 2 -graded superalgebra. Those operators are readily obtained from the standard SQM and SCM. This implies that double-graded SQM and SCM are not rare examples of quantum systems, but quite general ones so that they would have various applications in mathematical physics.
We presented a quantum theory based on Lie algebraic method using matrix differential operators. Formulation of the corresponding classical theory is a non-trivial problem since we need to deal with variables of degree (1, 1) which are not nilpotent and furthermore anticommute with variables of degree (0, 1), (1, 0) . This leads us to the notion of 'higer grading' extension of supermanifolds and mathematical theory of them have been developed [32] [33] [34] [35] . Following those developments superfields on Z n 2 -graded superMinkowski spacetime are discussed in [17] . Another interesting problem is a geometric consideration of the double-graded SCM based on Z 2 2 -graded supermanifolds. A possible approach would be an extension of the work [36] where the group manifold of SO(1, 2) is taken as a target space, or [37] where more general N-dimensional space with torsion is considered. One may also consider an extension of the orbit method to Z 2 2 -graded supergroup which would give all possible Hamiltonian systems (see [38] for the conformal mechanics of de Alfaro-Fubini-Furlan).
